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On Strongly Regular Graphs with µ = 1
J. DEUTSCH AND P. H. FISHER
We consider strongly regular graphs in which each non-adjacent pair of vertices has exactly one
common neighbour. These graphs give rise to partial linear spaces (one of which is a partial quadran-
gle) and a distance-regular graph of diameter three. The lower bound for the valency of the graph in
terms of the number of common neighbours of two adjacent vertices is derived.
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1. INTRODUCTION
A graph 0 with v vertices is said to be strongly regular, with parameters (k, λ, µ) if:
(i) each vertex has valency k;
(ii) each adjacent pair of vertices has λ common neighbours;
(iii) each non-adjacent pair of vertices has µ common neighbours.
Strongly regular graphs have been studied extensively, see for instance [1].
In this paper we study the case where µ = 1. It is then easy to see that 0 is connected, with
diameter two and v = 1+ k + k(k − λ− 1).
If λ = 0, 0 is a Moore graph. In [4] it is shown that a unique example exists for k = 2, 3
and 7, and a possible example exists for k = 57, but for no other value of k. Furthermore, if
k = 2 then v = 5 (pentagon), if k = 3 then v = 10 (Petersen graph) and if k = 7 then v = 50
(Hoffman–Singleton graph).
If λ = 1, 0 gives rise to a projective plane with a polarity containing no absolute points,
which is not possible. So from now on we will assume that λ > 1. It is then easy to see that
the subgraph at distance one from any vertex in 0 is a disjoint union of complete graphs of
size λ+ 1, so we set k = m(λ+ 1) and then v = 1+ m(λ+ 1)+ m(m − 1)(λ+ 1)2.
One of the most important non-existence results for strongly regular graphs are the so called
rationality conditions. The adjacency matrix of 0 has the eigenvalue m(λ+1)with multiplicity
1 and two other eigenvalues which are given by the zeros of the equation
x2 − (λ− 1)x − (m(λ+ 1)− 1). (1)
Furthermore, these eigenvalues have multiplicities given by
1
2
(
m2(λ+ 1)2 − mλ(λ+ 1)± m(λ+ 1)(m(λ+ 1)− λ)(1− λ)− 2m(λ+ 1)√
(1− λ)2 + 4(m(λ+ 1)− 1)
)
which must be non-negative integers. Since λ > 1 it is not possible that m(λ + 1)(m(λ + 1)
−λ)(1− λ) = 2m(λ+ 1) and so
(1− λ)2 + 4(m(λ+ 1)− 1) (2)
is a perfect square.
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2. PARTIAL LINEAR SPACES
A partial linear space is a point, line incidence structure with the property that any two
points lie on at most one line.
A partial quadrangle [3] is a partial linear space satisfying:
(i) each point is on r lines, r ≥ 2;
(ii) each line contains k points, k ≥ 2;
(iii) if a point p is not incident with a line L then there is at most one point on L collinear
with p;
(iv) if two points are not collinear, then exactly t points are collinear with both.
Let 0 be a strongly regular graph with parameters (m(λ + 1), λ, 1). Since the subgraph at
distance one from any vertex is a disjoint union of complete graphs of size λ + 1, it follows
that the maximal cliques of 0 all have size λ+2.We then define an incidence structure S with
points indexed by the vertices of 0, lines indexed by the maximal cliques of 0 and incidence
being inclusion. Since µ = 1, 0 has no induced subgraph isomorphic to a complete graph on
four vertices with one edge removed, hence by [3, Theorem 2] we have the following lemma.
LEMMA 2.1. S is a partial quadrangle with r = m, k = λ+ 2 and t = 1.
COROLLARY 1. λ+ 2 divides m(m − 1)2.
PROOF. Let b be the number of lines of S, then using the equality bk = vr we have
b(λ+ 2) = m(1+ m(λ+ 1)+ m(m − 1)(λ+ 1)2)
and the result follows. 2
COROLLARY 2. m ≥ λ+ 3.
PROOF. In [3, Theorem 3] it is shown that b ≥ v which gives m ≥ λ + 2. If m = λ + 2,
from (2) we have that 5(λ+ 1)2 is the square of an integer, which is not possible. 2
Let L be any line of S and b′ be the set of (m − 1)(λ + 2) lines that meet L (note that b′
consists of λ+ 2 sets of m − 1 lines, none of which intersect). Let X be the set of points that
are on any line of L ∪ b′. We consider the sub-structure S∗ of S that consists of the points of
S that do not lie in X and the lines of S that contain exactly one point of X .
Once again S∗ is a partial linear space satisfying the following lemma.
LEMMA 2.2. (i) the number of points is (m − 1)2(λ+ 1)2;
(ii) the number of points on a line is λ+ 1;
(iii) the number of lines on a point is λ+ 2;
(iv) the number of lines is (m − 1)2(λ+ 1)(λ+ 2);
(v) if two points are not collinear there is at most one point collinear with both;
(vi) the lines can be partitioned into λ + 2 parallel classes, each of size (m − 1)2(λ + 1)
such that each point lies on exactly one line of each parallel class.
PROOF. It is easy to see that the number of points in X is (λ+ 2)+ (λ+ 2)(m − 1)(λ+ 1)
and subtracting from v gives (i). (ii) follows since each line of S∗ contains one point of X .
In S, no points of S∗ are collinear with the λ + 2 points on L , (iii) then follows since S is
a partial quadrangle with t = 1. (iv) follows from the above, whilst (v) is inherited directly
from S. Each of the λ+ 2 points of L are on m − 1 lines of b′, which themselves have λ+ 1
points of X on them. These (m − 1)(λ+ 1) points are then on m − 1 lines of S∗ which (since
t = 1 in S) form a parallel class in S∗. Each point of S∗ is on exactly one of these lines which
gives (vi). 2
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3. THE DISTANCE-REGULAR GRAPH
A connected graph with diameter d is said to be distance regular if there are integers
k, b1, . . . , bd−1, c2, . . . , cd such that:
(i) each vertex has valency k;
(ii) for each pair (u, v) of vertices such that ∂(u, v) = i there are bi vertices w for which
∂(u, w) = i + 1, ∂(w, v) = 1 (1 ≤ i ≤ d − 1);
(iii) for each pair (u, v) of vertices such that ∂(u, v) = i − 1 there are ci vertices w for
which ∂(u, w) = i −1, ∂(w, v) = 1 (2 ≤ i ≤ d) (∂ being the usual distance function).
Strongly regular graphs correspond to the case d = 2, with b1 = k − λ− 1 and c2 = µ.
If d = 3 we put b1 = α, b2 = β, c2 = γ, c3 = δ and then the graph is said to have
intersection array {k, α, β, 1, γ, δ}. For a survey of distance-regular graphs see [2].
Once again let 0 be a strongly regular graph with parameters (m(λ + 1), λ, 1). Let 0∗ be
the maximal clique graph of 0. (Alternatively 0∗ is the line graph of S.)
THEOREM 3.1. 0∗ is a diameter three distance-regular graph with inter-section array
{(m − 1)(λ+ 2), (m − 1)(λ+ 1), (m − λ− 2), 1, 1, (λ+ 2)2}.
PROOF. The structure of the graph and the values of the intersection array follow from
Lemmas 2.1 and 2.2. 2
REMARKS. (1) As with 0, the subgraph at distance one from any vertex in 0∗ is again a
disjoint union of complete graphs, this time of size m − 1. So again the incidence structure
constructed from 0∗ (as with S) is a partial linear space.
(2) The adjacency matrix of 0∗ has the eigenvalue (m − 1)(λ + 2) with multiplicity 1 and
three other eigenvalues which are given by the zeros of the equation
(x + λ+ 2)(x2 − (2m − λ− 5)x + m2 − 2mλ− 6m + 3λ+ 7).
Let D = (λ+1)(4m+λ−3), then from (1) the remaining two eigenvalues of 0 are (λ−1)±
√
D
2 ,
whereas the remaining three eigenvalues of 0∗ are −(λ+ 2) and m − 3− (λ−1)±
√
D
2 .
4. m ≥ λ+ 5
Firstly we set m = λ+ 3, then from (2) we have that (5λ+ 9)(λ+ 1) is a perfect square.
LEMMA 4.1. If m = λ+ 3 then λ+ 1 and 5λ+ 9 are both perfect squares.
PROOF. Suppose not. Then λ+ 1 is not a perfect square. Thus there exists an integer prime
p which divides λ + 1 an odd number of times. This p must therefore divide 5λ + 9 at least
once. Thus p divides 5λ+9−5(λ+1) which forces p = 2. We may therefore write, for some
integers s, t 5λ+ 9 = 2s2 and λ+ 1 = 2t2. Now simplifying 5λ+ 9− 5(λ+ 1) = 4 yields
the equation s2 − 5t2 = 2 which is impossible to solve in the integers as the only quadratic
residues modulo 5 are 0, 1 and 4. 2
THEOREM 4.2. Let 0 be a strongly regular graph with parameters (k, λ, 1), then k ≥
(λ+ 1)(λ+ 5). If equality occurs then 0 has parameters (21, 2, 1).
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PROOF. If m = λ + 3 the expression for the eigenvalues of 0 gives that 5λ + 9 divides
(λ + 1)(λ + 3)2(−λ3 − 2λ2 + 1)2. Multiplying by 59 and substituting 5λ = −9 then gives
that 5λ+ 9 divides 28.32.112.
None of whose solutions satisfy Lemma 4.1.
If m = λ+ 4, Corollary 1 gives that λ+ 2 divides 2 which is not possible.
If m = λ+ 5, Corollary 1 gives that λ+ 2 divides 12 from which λ = 2, 4 or 10. However,
λ = 2 is the only value that satisfies (2). 2
COROLLARY. I f k 6= (λ+ 1)(λ+ 5) then k ≥ (λ+ 1)(λ+ 13). If equality occurs then 0
has parameters (64, 3, 1).
PROOF. No values of m with λ+ 5 < m < λ+ 13 simultaneously satisfy Corollary 1 and
the condition of (2). If m = λ+ 13 Corollary 1 and the condition of (2) yield solutions λ = 3,
48 and 98. However, λ = 3 is the only value that gives the multiplicities as non-negative
integers. 2
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